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For i = 1,2,3,3.5, we deﬁne the class of Ri-factorizable paratopological groups G by the
condition that every continuous real-valued function on G can be factorized through a con-
tinuous homomorphism p : G → H onto a second countable paratopological group H satis-
fying the Ti-separation axiom. We show that the Sorgenfrey line is a Lindelöf paratopologi-
cal group that fails to be R1-factorizable. However, every Lindelöf totally ω-narrow regular
(Hausdorff) paratopological group is R3-factorizable (resp. R2-factorizable). We also prove
that a Lindelöf totally ω-narrow regular paratopological group is topologically isomorphic
to a closed subgroup of a product of separable metrizable paratopological groups.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
A semigroup H which is also a topological space is said to be a topological semigroup provided that the operation in H is
jointly continuous. Following Bourbaki [11], a topological semigroup which is algebraically a group is called a paratopological
group. The importance of the latter concept was clariﬁed in the articles of Banach [6], Numakura [22], Wallace [37], and in
the papers [14,15] by Ellis. Most recently, paratopological groups have become a ﬁeld of intensive research. Among other
sources, the reader interested in this topic can consult [17,18,27,10,26,25,7,8,29,4,3,24,28].
In the present article we study R-factorizable paratopological groups. This notion has its origin in the celebrated result
proved by L.S. Pontryagin in [23, Example 37]: For every continuous function f : G → R on a compact topological group G ,
there exist a continuous homomorphism φ : G → H onto a second countable topological group H and a continuous func-
tion h : H → R such that f = h ◦ φ. The conclusion remains valid for pseudocompact topological groups, a result due to
W.W. Comfort and K.A. Ross [13]. These results motivated the second-listed author to introduce the class of R-factorizable
groups as the topological groups satisfying the condition that every real-valued continuous function is factorized through
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wide. For example, it contains all Lindelöf groups and arbitrary (not necessarily closed) subgroups of Lindelöf Σ-groups.
In particular, all precompact groups and arbitrary subgroups of σ -compact groups are R-factorizable (see for instance
[34,35]).
Similarly to the case of topological groups, a paratopological group H might be called R-factorizable if every contin-
uous real-valued function on H can be factorized through a continuous homomorphism of H onto a second countable
paratopological group. However, we must then split the concept of R-factorizability into R1-, R2-, and R3-factorizability
since the classes of T1, Hausdorff, and regular paratopological groups are pairwise distinct. The most natural thing is, in
fact, to consider the class of R3.5-factorizable paratopological groups but, for Tychonoff paratopological groups, the concepts
of R3-factorizability and R3.5-factorizability coincide (see Section 3).
The paper is organized as follows. In Section 2 we borrow from [30] some results that will be used throughout the
paper. The aim of Section 3 is to show that, as in the case of topological groups, the class of Ri-factorizable paratopological
groups is quite wide, where i = 1,2,3. We show, among other things, that every R1-factorizable paratopological group is
totally ω-narrow, and that every Lindelöf totally ω-narrow regular paratopological group is R3-factorizable, which comple-
ments an earlier result in [33] saying that all Lindelöf topological groups are R-factorizable (see also [35, Theorem 5.5]).
In particular, every totally Lindelöf regular paratopological group is R3-factorizable. In Section 4 we present some suﬃcient
conditions under which a paratopological group can be embedded as a closed subgroup into a product of second countable
paratopological groups. Section 5 contains several open problems regarding Ri-factorizable paratopological groups.
All spaces are assumed to be Hausdorff, unless otherwise is stated explicitly. A paratopological group H is called
ω-narrow if for every neighbourhood U of the neutral element in H , there exists a countable set C ⊆ H such that
CU = H = UC . Clearly, every σ -compact paratopological group (that is, a paratopological group which is a countable union
of compact sets) is ω-narrow. Our terminology and notation are standard. For instance, clH A (or simply A) stands for the
closure of a set A ⊆ H in H and ker p denotes the kernel of a group homomorphism p : G → H . For the notions not deﬁned
here, the reader can consult [35].
2. Deﬁnitions and auxiliary facts
For a paratopological group H with topology τ , one deﬁnes the conjugate topology τ−1 on H by τ−1 = {U−1: U ∈ τ }.
Then H ′ = (H, τ−1) is also a paratopological group, and the inversion x → x−1 is a homeomorphism of H onto H ′ . The
upper bound τ ∗ = τ ∨ τ−1 is a topological group topology on H , and we call H∗ = (H, τ ∗) the topological group associated
to H . Clearly, the associated topological group H∗ is Hausdorff for every paratopological group H which satisﬁes the T1
separation axiom. The next deﬁnition plays an important role in what follows.
Deﬁnition 2.1. Let P be a (topological) property. A paratopological group H is called totally P if the associated topological
group H∗ has property P.
Therefore, one can consider totally Lindelöf, totallyω-narrow, or totally countably compact paratopological groups. The main
objects of our study will be the classes of totally ω-narrow and totally Lindelöf paratopological groups.
Since the topology τ ∗ of the associated topological group H∗ is ﬁner than the original topology τ of a given paratopo-
logical group H , it is clear from Deﬁnition 2.1 that every totally Lindelöf paratopological group is Lindelöf. The converse
is evidently false, since the Sorgenfrey line S is a Lindelöf paratopological group whose associated topological group S∗ is
discrete and therefore is not Lindelöf.
The following result relates the properties of a paratopological group H to those of the associated topological group H∗
(see [1, Lemma 2.2]):
Lemma 2.2. Let H be a Hausdorff paratopological group. Then the diagonal Δ = {(x, x): x ∈ H} is a closed subgroup of the paratopo-
logical group H × H ′ and Δ, considered with the topology induced from H × H ′ , is a Hausdorff topological group topologically
isomorphic to the associated group H∗ .
A topological space X is said to be a Lindelöf Σ-space if it is a Σ-space in the sense of Nagami [21] and is Lindelöf. We
have the following result on preservation of topological properties when passing from H to H∗ (see [30, Corollary 3.3]):
Corollary 2.3. Let H be a Hausdorff paratopological group. Then the following hold:
(a) If H is σ -compact, so is H∗ .
(b) If H is a Lindelöf Σ-space, so is H∗ .
(c) If H has a countable network, so has H∗ .
As in the case of topological groups, it is of much importance to know when a given Hausdorff (regular, Tychonoff)
paratopological group admits an embedding as a paratopological subgroup into a topological product of second countable
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existence of such an embedding. The ﬁrst of them is almost evident (see [30, Proposition 3.7]):
Proposition 2.4. Every subgroup H of a topological product G =∏i∈I Gi of second countable paratopological groups satisfying the
T1-separation axiom is totally ω-narrow.
The following result is a combination of Theorems 3.16 and 3.20 of [30]. It shows that for a Lindelöf paratopological
group, total ω-narrowness becomes a suﬃcient condition to guarantee the existence of an appropriate embedding of the
group:
Theorem 2.5. Every Lindelöf totally ω-narrow regular (Hausdorff ) paratopological group is topologically isomorphic to a subgroup of
a product of regular (Hausdorff ) second countable paratopological groups.
We recall that a space X is said to be perfectly κ-normal if the closure of every open set is a zero-set of a continuous
real-valued function on X . The next fact follows from [30, Theorem 4.2].
Proposition 2.6. Let H be a regular paratopological group such that H is a Lindelöf Σ-space. Then the space H is perfectly κ-normal.
A space X is called ω-cellular or, in symbols, celω(X)ω if every family γ of Gδ-sets in X contains a countable subfamily
λ such that the union
⋃
λ is dense in
⋃
γ . The proposition below (see [30, Lemma 4.1]) extends to paratopological groups
a result established for topological groups by V. Uspenskij in [36].
Proposition 2.7. Let H be a Hausdorff paratopological group, and suppose that the associated topological group H∗ is a Lindelöf
Σ-space. Then:
(a) H is totally Lindelöf.
(b) The space H is ω-cellular.
(c) If γ is a countable family of closed Gδ-sets in H, then there exists a closed invariant subgroup N of H such that the quotient
paratopological group H/N is Hausdorff, has a countable network, and F = π−1π(F ) for each F ∈ γ , where π : H → H/N is
the quotient homomorphism.
One can apply Proposition 2.7 to deduce the following useful result (see [30, Theorem 4.4]):
Corollary 2.8. Let H be a σ -compact Hausdorff paratopological group. Then H is an Eﬁmov space, i.e., the closure of the union of any
family of Gδ-sets in H is again a Gδ-set. Hence the closure in H of any open set is a Gδ-set.
3. R-factorizability in paratopological groups
R-factorizable topological groups constitute a wide class of groups with interesting properties. Roughly speaking, every
continuous real-valued function deﬁned on an R-factorizable group has “countable complexity”. This makes it possible, on
special occasions, to reduce the study of a general situation to the second countable case (see [34,35]).
For paratopological groups, the following concept is deﬁned similarly to R-factorizability in topological groups. However,
we have to specify a separation axiom in the case of paratopological groups since, unlike in topological groups, no implica-
tion Ti ⇒ T j with 0 i < j  4 is valid in the class of paratopological groups (with a possible exception T3 ⇒ T3.5, which
is an old open problem).
Deﬁnition 3.1. A paratopological group H is called Ri -factorizable, for i = 1,2,3,3.5, if H is a Ti-space and for every con-
tinuous real-valued function f on H , one can ﬁnd a continuous homomorphism p : H → K onto a paratopological group K
of countable weight satisfying the Ti separation axiom and a continuous real-valued function g on K such that f = g ◦ p.
Clearly, every R j-factorizable paratopological group is Ri-factorizable if 1  i < j  3.5. Since every regular second
countable space is normal (hence, Tychonoff), it is also clear that every R3-factorizable Tychonoff paratopological group
is R3.5-factorizable. This is why we will deal with R3-factorizability in the case of Lindelöf regular paratopological groups
(or their subgroups).
The following result exploits the fact that, in the realm of paratopological groups, the inversion x 
→ x−1 is a homeomor-
phism of H onto H ′ .
Proposition 3.2. If H is an Ri -factorizable paratopological group, where i ∈ {1,2,3,3.5}, then so is H ′ .
M. Sanchis, M. Tkachenko / Topology and its Applications 157 (2010) 800–808 803Proof. Let f be a continuous real-valued function on H ′ . Then the function f̂ : H → R deﬁned by f̂ (x) = f (x−1) is evidently
continuous. Since H is Ri-factorizable, we can ﬁnd a second countable paratopological group S satisfying the Ti-separation







commutes. Consider the function ĥ : S ′ → R deﬁned by the rule ĥ(y) = h(y−1), for each y ∈ S ′ . Obviously, the function ĥ is







commutes. Indeed, for each x ∈ H ′ we have
f (x) = f̂ (x−1)= h(s(x−1))= h(s(x)−1)= ĥ(s(x)).
Since the homomorphism s : H ′ → S ′ is clearly continuous, the paratopological group H ′ is Ri-factorizable. 
By [35, Theorem 5.5], every Lindelöf topological group is R-factorizable. The Sorgenfrey line is a Lindelöf paratopological
group which is not R1-factorizable (see Example 3.3 below). Further, it is known that every precompact topological group is
R-factorizable (see [32, Theorem 3.8]). The next example shows that in paratopological groups, even the combination of the
Lindelöf property and precompactness does not imply R1-factorizability. As usual, the precompactness of a (para)topological
group means that it can be covered by ﬁnitely many translates of each neighbourhood of the identity.
Example 3.3. Let S be the Sorgenfrey line and Z the group of integers, which is a closed subgroup of S . Then the quotient
paratopological group T = S/Z is algebraically the additive circle group whose local base at the neutral element 0 is gener-
ated by the half-open intervals [0,1/n), with n ∈ N. The paratopological group T is regular, hereditarily Lindelöf, hereditarily
separable, and precompact. We claim that T fails to be R1-factorizable.
Denote by p the quotient homomorphism of S onto T . Clearly, the restriction of p to [0,1) is a continuous bijection of
[0,1) onto T . Let f : T → R be the mapping of T to the reals deﬁned at a point y = p(x) ∈ T by the following rule:
f (y) =
{
x, if 0 x< 2/3,
1, if 2/3 x< 1.
It is easy to see that the function f is continuous on T . Suppose that there exist a continuous homomorphism π : T → G
of T onto a T1-paratopological group G and a continuous function g : G → R such that f = g ◦ π . We claim that π is a
homeomorphism.
Let us verify that π is an isomorphism. Indeed, the function f ◦ p is one-to-one on [0,2/3), so it follows from f = g ◦π
that the homomorphism ϕ = π ◦ p of S to G must also be one-to-one on [0,2/3). Let N be the kernel of ϕ . Then Z ⊆ N
and N ∩ [0,2/3) = {0}. However, the only subgroup of S with these properties is the group Z. Since Z is the kernel of p,
we conclude that π is an isomorphism.
If O is open in R, then π( f −1(O )) = g−1(O ) is open in G . For every integer n  2, consider the open interval On =
(−1/n,1/n) in R. Since Un = f −1(On) = p([0,1/n)), the set π(Un) is open in G , for each n  2. In other words, the sets
π(p(Vn)) are open in G , where Vn = [0,1/n), n 2. Since the family {p(Vn): n ∈ N} is a local base at the neutral element
of T and π is a continuous isomorphism, we conclude that π is a homeomorphism.
Thus, every continuous homomorphism of T onto a paratopological group that factorizes f is a continuous automorphism
of T . Since T is not metrizable, it is not R1-factorizable either. Notice that a similar argument shows that S fails to be R1-
factorizable.
The Sorgenfrey line S and the quotient paratopological group S/Z in Example 3.3 are ﬁrst countable normal non-
metrizable spaces. Therefore, the fact that neither S nor T = S/Z is R1-factorizable can be deduced from the following
general but simple result. As usual, χ(H) stands for the smallest cardinal of a local base at the neutral element of a
paratopological group H (called the character of H) and w(H) denotes the weight of H , that is, the smallest cardinal of a
base for H .
Proposition 3.4. Every R1-factorizable completely regular paratopological group H satisﬁes the equality w(H) = χ(H).
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tinuous function fα : H → [0,1] such that fα(e) = 1 and fα is identically zero on H \ Uα . Since H is R1-factorizable, we
can ﬁnd a continuous homomorphism pα : H → Gα onto a second countable paratopological group Gα and a continuous
function gα : Gα → [0,1] such that fα = gα ◦ pα . Let p be the diagonal product of the family {pα: α < κ}. Then p is
a continuous homomorphism of H to the paratopological group G = ∏α<κ Gα and, clearly, w(G)  κ . Hence, the image
K = p(H) satisﬁes w(K )  κ as well. It follows from the deﬁnition of p that for every α < κ , there exists a continu-
ous function hα : K → [0,1] such that fα = hα ◦ p. In fact, hα is the composition of the projection of K to Gα with the
function gα .
Clearly, the set J = (0,1] is open in the unit interval [0,1] and Vα = h−1α ( J ) is an open neighbourhood of the neutral
element eK in K . It follows from the deﬁnition of fα and the equality fα = hα ◦ p that the set p−1(Vα) = f −1α ( J ) is an
open neighbourhood of e in H , and that p−1(Vα) ⊆ Uα , for each α < κ . Since the sets Uα ’s form a local base at the neutral
element of H , it follows by a standard argument that p is a topological isomorphism of H onto K . Hence, w(H) κ . 
In the next result we present a necessary (but not suﬃcient) condition on a paratopological group to be R1-factorizable.
Proposition 3.5. Every R1-factorizable paratopological group is totally ω-narrow.
Proof. The argument in the proof of Proposition 3.4 shows that every R1-factorizable paratopological group H is topo-
logically isomorphic to a subgroup of the topological product of some family of second countable paratopological groups
satisfying the T1-separation axiom. Hence, the required conclusions follow from Proposition 2.4. 
The above proposition implies once again that the Sorgenfrey line S and its quotient S/Z are not R1-factorizable — both
paratopological groups fail to be totally ω-narrow. Since “totally ω-narrow” and “ω-narrow” coincide for topological groups,
the converse to Proposition 3.5 is false — it suﬃces to take an arbitrary ω-narrow Abelian topological group which is not
R-factorizable (see [34, Example 2.1]).
Our next aim is to show that the combination “regular + Lindelöf + totally ω-narrow” implies R3-factorizability in
paratopological groups.
Theorem 3.6. Every Lindelöf totally ω-narrow regular paratopological group H is R3-factorizable.
Proof. By Theorem 2.5, H can be identiﬁed with a subgroup of a product G = ∏i∈I Gi of separable metrizable paratopo-
logical groups. Suppose that f : H → R is a continuous function. For a subset J of I , denote by p J the projection of G
onto G J =∏i∈ J Gi . Since H is Lindelöf, Lemma 5.4 of [35] implies that we can ﬁnd a countable set J ⊆ I and a continuous
real-valued function g on p J (H) such that f = g ◦ p J H . It is clear that K = p J (H) is a separable metrizable paratopological
group, so the paratopological group H is R3-factorizable. 
Theorem 3.7. Let H be a Hausdorff totally ω-narrow paratopological group. If H is Lindelöf, then it is R2-factorizable.
Proof. The argument is identical to that in the proof of Theorem 3.6, one just has to apply Theorem 2.5. 
In fact, we can apply Proposition 3.5 to reformulate the above theorem as follows:
Theorem 3.8. Let H be a Hausdorff paratopological group, and suppose that H is Lindelöf. Then H is R2-factorizable if and only if it is
totally ω-narrow.
Remark 3.9. By [32, Theorem 3.8], every precompact topological group is R-factorizable. Therefore, Theorems 3.6 and 3.7
suggest the question whether every totally precompact paratopological group is R3-factorizable or R2-factorizable. The an-
swer to the question is “yes”, since every totally precompact paratopological group is a topological group according to
[4, Theorem 1.8].
Every space with a countable network is Lindelöf, so item (c) of Corollary 2.3 implies that a paratopological group with
a countable network is totally Lindelöf. This fact and Theorem 3.6 together imply the following corollary (which can also be
obtained by a slight modiﬁcation in the proof of [19, Theorem 4]).
Corollary 3.10. Every regular paratopological group with a countable network is R3-factorizable.
A version of Corollary 3.10 remains valid for Hausdorff paratopological groups — it suﬃces to refer to Theorem 3.7.
Corollary 3.11. Every Hausdorff paratopological group with a countable network is R2-factorizable.
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A subspace Y of a space X is said to be z-embedded in X if for every zero-set Z in Y , there exists a zero-set C in X such
that Z = C ∩ Y (see [9]). It was shown in [20, Theorem 2.4] that a subgroup G of an R-factorizable topological group H is
R-factorizable if and only if G is z-embedded in H . For paratopological groups, one mimics the argument in [20], replacing
‘topological group’ to ‘paratopological group’, and obtains a twin of the “if” part of the result (we omit the corresponding
proof).
Theorem 3.12. A z-embedded subgroup of an Ri -factorizable paratopological group is Ri -factorizable, for i = 1,2,3.
Theorem 3.13. Let H be a regular paratopological group such that H is a Lindelöf Σ-space. Then every subgroup of H is R3-
factorizable.
Proof. Let G be an arbitrary subgroup of H . The associated topological group H∗ is a Lindelöf Σ-space, by item (b) of
Corollary 2.3. Hence, the closure of G in H∗ , say, F is a Lindelöf Σ-group. Clearly, G remains dense in F when the latter is
considered as a paratopological subgroup of H , and F is a Lindelöf Σ-space as a subspace of H . Therefore, we can assume
without loss of generality that G is dense in H .
It follows from Proposition 2.6 that the space H is perfectly κ-normal. Hence, by a result of [9], the dense subspace G of
H is z-embedded in H (we use the regularity of H here). Since H is totally Lindelöf, the required conclusion now follows
from Theorems 3.6 and 3.12. 
Corollary 3.14. Every subgroup of a regular σ -compact paratopological group is R3-factorizable.
Proposition 3.16 below is a counterpart of Corollary 3.14 for Hausdorff paratopological groups. Notice that we cannot use
Theorem 3.12 in this case since a Hausdorff paratopological group can fail to have suﬃciently many zero-sets. First we need
a simpliﬁed version of Lemma 1.7.6 from [5].
Lemma 3.15. Let D be a dense subspace of a space X, and suppose that f : D → Y and ϕ : X → Z are continuous mappings, where
ϕ is open and the space Y is regular. Suppose also that B is a base for Y such that clX f −1(V ) = ϕ−1ϕ(clX f −1(V )), for each V ∈ B.
Then there exists a continuous mapping g : ϕ(D) → Y such that f = g ◦ ϕD.
Proof. We claim that if x1, x2 ∈ D and ϕ(x1) = ϕ(x2), then f (x1) = f (x2). Assume to the contrary that f (x1) = f (x2),
for some x1, x2 ∈ D satisfying ϕ(x1) = ϕ(x2). Choose V1, V2 ∈ B such that f (xi) ∈ Vi for i = 1,2, and V1 ∩ V2 = ∅. Since
clX f −1(V2) = ϕ−1ϕ(clX f −1(V2)) and ϕ(x1) = ϕ(x2), we conclude that x1 ∈ clX f −1(V2). By the continuity of f , it follows
that f (x1) ∈ V1 ∩ V2 = ∅, thus contradicting our choice of the sets V1 and V2.
We conclude, therefore, that there exists a mapping g : ϕ(D) → Y such that f = g ◦ ϕD . It remains to verify the
continuity of g . Take a point z ∈ ϕ(D) and an arbitrary neighbourhood W of g(z) in Y . There exists an element V ∈ B
such that g(z) ∈ V and V ⊆ W . Since f is continuous, we can ﬁnd an open set U in X such that U ∩ D = f −1(V ). Then
O = ϕ(U ) is an open neighbourhood of z in Z , and we claim that g(O ∩ ϕ(D)) ⊆ W .
Suppose to the contrary that there exists z′ ∈ O ∩ ϕ(D) such that g(z′) /∈ W . Clearly, there exist x1 ∈ U and x2 ∈ D such
that ϕ(x1) = z′ = ϕ(x2). Hence, on one hand,
f (x2) = g
(
ϕ(x2)
)= g(ϕ(x1))= g(z′) /∈ W . (1)
On the other hand, since D is dense in X and U is an open neighbourhood of x1 in X , it follows from our choice of U
that x1 ∈ clX f −1(V ) and ϕ(x1) ∈ ϕ(clX f −1(V )). Since ϕ(x2) = ϕ(x1) and V ∈ B, we conclude that x2 ∈ ϕ−1ϕ(clX f −1(V )) =
clX f −1(V ) and, hence, f (x2) ∈ V ⊆ W . This contradicts (1), so the continuity of g is proved. 
Proposition 3.16. Every subgroup of a Hausdorff σ -compact paratopological group H is R2-factorizable.
Proof. The associated topological group H∗ is σ -compact, by (a) of Corollary 2.3. In particular, H∗ is a Lindelöf Σ-space
and the paratopological group H is totally Lindelöf and ω-cellular, by virtue of (a) and (b) of Proposition 2.7. Suppose that
G is an arbitrary subgroup of H . Taking the closure of G in H∗ , if necessary, we can assume that G is dense in H .
Let f be a continuous real-valued function on G . Denote by B a countable open base for the real line R. Since f is
continuous, for every V ∈ B there exists an open set UV in H such that UV ∩ G = f −1(V ). By Corollary 2.8, the closure
clHUV is a Gδ-set in H , so we can apply item (c) of Proposition 2.7 to ﬁnd a closed invariant subgroup N of H such
that the quotient paratopological group H/N is Hausdorff, has a countable network, and the quotient homomorphism π :
H → H/N satisﬁes clHUV = π−1π(clHUV ), for each V ∈ B. Since f −1(V ) is dense in UV , we have that clH f −1(V ) =
π−1π(clH f −1(V )), for each V ∈ B. Therefore, Lemma 3.15 (with X = H , D = G , Y = R, Z = H/N , and ϕ = π ) implies that
there exists a continuous real-valued function g on π(G) satisfying f = g ◦πG .
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Then ϕ = p ◦πG is a continuous homomorphism of G onto L, and f = h ◦ ϕ . This proves that G is R2-factorizable. 
4. Closed embeddings into products
The concept of R-factorizability is useful for ﬁnding conditions under which a paratopological group can be embedded
as a closed subgroup into a product of second countable paratopological groups. First we need a simple lemma:
Lemma 4.1. Let C(X) be the family of all continuous real-valued functions on a realcompact space X, and h : X → RC(X) the diagonal
product of the family C(X). Then the image h(X) is closed in RC(X) .
Proof. There exists a closed embedding i : X → Rκ , for some cardinal κ . For every α ∈ κ , denote by pα the projection of Rκ
to the αth factor R(α) , and let fα = pα ◦ i. Then Y = { fα: α ∈ κ} is a subfamily of C(X). We deﬁne a mapping Φ of RY
to Rκ by the rule [Φ(y)](α) = y( fα), for all y ∈ RY and α ∈ κ (the product space RY is considered as the set of mappings
of Y to R and, similarly, Rκ is the set of mappings of κ to R). It is easy to see that Φ is a topological embedding of RY
to Rκ . Let pY be the projection of RC(X) onto RY . The deﬁnition of Φ implies that i = Φ ◦ pY ◦h. Indeed, if x ∈ X and α ∈ κ ,
we have that[
(Φ ◦ pY ◦ h)(x)
]
(α) = [(pY ◦ h)(x)]( fα) = [h(x)]( fα) = fα(x) = [i(x)](α).
Since Φ is an embedding, it follows that Φ−1(i(X)) = pY (h(X)). Therefore, the set pY (h(X)) is closed in RY , and pY ◦ h is
a topological embedding of X into RY .
To ﬁnish the proof, we argue as follows. Let Z = C(X) \ Y . Denote by h1 and h2 the diagonal products of the functions
in Y and Z , respectively. Then h1 = pY ◦ h and h is the diagonal product of h1 and h2. Clearly, one can consider h(X) as the
graph of the continuous mapping g = h2 ◦ h−11 of h1(X) to RZ . Since the domain h1(X) of g is closed in RY and the space
R
Z is Hausdorff, the set h(X) is closed in RC(X) = RY × RZ . 
The above lemma implies one interesting fact concerning the defect df (X) of a realcompact space X deﬁned by
A.V. Arhangel’skii in [2] as the minimum cardinal κ such that X admits a closed embedding into Rκ .
Corollary 4.2. If X is a realcompact weakly Lindelöf space, then df (X) w(X)ℵ0 .
Proof. A completely regular weakly Lindelöf space X satisﬁes |C(X)| w(X)ℵ0 , where C(X) is the family of all continuous
real-valued functions on X (see [12]). The required conclusion now follows from Lemma 4.1. 
Theorem 4.3. Every Lindelöf totally ω-narrow regular paratopological group H is topologically isomorphic to a closed subgroup of a
product of separable metrizable paratopological groups.
Proof. Denote by C(H) the family of continuous real-valued functions on H . By Theorem 3.6, H is R3-factorizable, so
we can ﬁnd, for every f ∈ C(H), a continuous homomorphism ϕ f : H → H f onto a separable metrizable paratopological
group H f and a continuous real-valued function g f on H f such that f = g f ◦ ϕ f . Let P =∏ f ∈C(H) H f be the topological
product of the paratopological groups H f , and ϕ the diagonal product of the family {ϕ f : f ∈ C(H)}. As in the proof of [30,
Theorem 3.16] we conclude that ϕ is a topological isomorphism of H onto the subgroup ϕ(H) of P .
Let us verify that ϕ(H) is closed in the product space P . Since H is a regular Lindelöf space, it is realcompact by [16,
Theorem 3.11.12]. Hence, according to Lemma 4.1, the diagonal product h of the functions in C(H) is a closed topological
embedding of H into RC(H) . Denote by g the direct product of the family {g f : f ∈ C(H)}. Then the mapping g : P → RC(H)
is continuous and satisﬁes the equality h = g ◦ ϕ . Since both mappings ϕ and h are topological embeddings of H , the
mapping r = ϕ ◦ h−1 is a homeomorphism of h(H) onto ϕ(H). Clearly, r is a cross-section for the mapping g restricted to
ϕ(H), i.e., g ◦ r is the identity mapping of h(H) onto itself. It follows that the restriction of r ◦ g to the closed subspace
C = g−1h(H) of P is a retraction of C onto ϕ(H). This implies that ϕ(H) is closed in C and in P . 
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ment H˜ \ H is the union of a family of Gδ-sets in H˜ . Then H is topologically isomorphic to a closed subgroup of a product of separable
metrizable paratopological groups.
Proof. By Theorem 4.3, we can identify H˜ with a closed subgroup of a product P = ∏i∈I Hi of separable metrizable
paratopological groups. For every i ∈ I , let pi be the natural projection of P onto the factor Hi . Clearly, we can assume
that pi(H˜) = Hi , for each i ∈ I . Arguing as in the proof of Theorem 4.3, we can additionally assume that for every continu-
ous real-valued function f on H˜ , there are i ∈ I and a continuous function g on Hi such that f = g ◦ piH˜ . This implies, in
particular, that for every zero-set F in H˜ , there exist i ∈ I and a closed set C in Hi such that F = H˜ ∩ p−1i (C).
For every i ∈ I , put Gi = pi(H). It remains to verify that the subgroup H of H˜ is closed in the product G =∏i∈I Gi . In
its turn, this fact will follow if we establish the equality H = H˜ ∩ G . Take an arbitrary point x ∈ H˜ \ H . By our assumptions,
there exists a Gδ-set Q in H˜ such that x ∈ Q and Q ∩ H = ∅. Since the space H˜ is Tychonoff, we can ﬁnd a zero-set F in H˜
such that x ∈ F ⊆ Q . Take an index i ∈ I and a closed set C in Hi such that F = H˜ ∩ p−1i (C). Since F ∩ H = ∅, we conclude
that the sets Gi = pi(H) and C are disjoint. Clearly, pi(x) ∈ pi(F ) ⊆ C . Therefore, pi(x) /∈ Gi .
We have thus proved that H = H˜ ∩ G , so H is closed in G =∏i∈I Gi . 
5. Open problems
Our ﬁrst problem is suggested by Proposition 3.2.
Problem 5.1. Let H be an Ri-factorizable paratopological group, for some i ∈ {1,2,3,3.5}. Is the associated topological group
H R-factorizable? Conversely, does the R-factorizability of H imply that H is Ri-factorizable for any i ∈ {1,2,3,3.5},
provided H is a Ti-space?
Open homomorphic images of R-factorizable groups are R-factorizable ([34, Theorem 3.10]). This fact and Proposition 3.2
give rise to the following
Problem5.2. Let H be an Ri-factorizable paratopological group, for some i ∈ {1,2,3,3.5}. Is every open homomorphic image
of H satisfying the Ti separation axiom an Ri-factorizable paratopological group?
We do not know if the converse to Theorem 3.12 holds:
Problem 5.3. Let G be a subgroup of a completely regular paratopological group H . If G is R3-factorizable, must it be
z-embedded in H? What if G is totally Lindelöf?
One can also try to generalize Proposition 3.16:
Problem5.4. Suppose that H is a Hausdorff paratopological group such that the associated topological group H∗ is a Lindelöf
Σ-space. Is every subgroup of H R2-factorizable?
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